Abstract. In this paper we will show that a Lagrangian, Lorentzian surface M 2 1 in a complex pseudo space form M 2 1 (4c) is pseudo-isotropic if and only if M is minimal. Next we will obtain a complete classification of all Lagrangian, Lorentzian surfaces which are lightlike pseudo-isotropic but not pseudo-isotropic.
Introduction
The notion of isotropic submanifold was first introduced in [7] by O'Neill for immersions of Riemannian manifolds and recently extended by Cabrerizo, Fernández and Gómez in [2] to the pseudo-Riemannian case. A submanifold is called pseudo-isotropic if, for any point p and any tangent vector v at a point p, we have that
where h denotes the second fundamental form of the immersion and λ is a smooth function on the submanifold. Note that since the induced metric is pseudo-Riemannian it is natural to distinguish between timelike, spacelike and lightlike (or null) vectors. This leads in a natural way to the notions of (i) Timelike pseudo-isotropic if, for any point p and any timelike tangent vector v at a point p, equation (1.1) is satisfied, (ii) Spacelike pseudo-isotropic if, for any point p and any spacelike tangent vector v at a point p, equation (1.1) is satisfied, (iii) Lightlike isotropic if, for every lightlike vector v at the point p, we have that h (v, v) is again a lightlike vector. It was shown in [2] that the notions of pseudo-isotropic, timelike pseudo-isotropic and spacelike pseudo-isotropic are equivalent. In the same paper they also included an example of an immersion which is lightlike pseudo-isotropic but not pseudo-isotropic.
Here we are particularly interested in Lagrangian immersions of complex space forms. In the positive definite case, isotropic Lagrangian immersions have been studied in [3] , [4] , [5] , [6] and [9] . In this paper we will consider pseudo-isotropic and lightlike pseudoisotropic Lagrangian, Lorentzian surfaces M The first two authors are partially supported by the MINECO-FEDER grant MTM2014-52197-P. They also belong to the PAIDI groups FQM-327 and FQM-226 (Junta de Andalucía, Spain), respectively.
We will assume that the space form is not definite and hence has real signature 2. By changing the sign of the metric if necessary, it is sufficient to deal with the cases c = 0 or c = 1.
We will first show in Section 3 that Theorem 1.1. Let M be a Lagrangian, Lorentzian surface in a complex space form. Then M is pseudo-isotropic if and only if M is minimal.
Next we will obtain a complete classification of all Lagrangian, Lorentzian surfaces which are lightlike pseudo-isotropic but not pseudo-isotropic. To do so, we will first show in Section 4 that such a surface can be seen as the union of two surfaces that we will call of Type I and of Type II. These will be classified, case by case, in Sections 5 and 6, respectively.
Preliminaries
Throughout this paper we will assume that M is a Lagrangian, Lorentzian submanifold M of a complex space form M. We use the standard formulas of Gauss and Weingarten for a submanifold, introducing the second fundamental form h and the shape operators A by
where X and Y are tangent vector fields and ξ is normal. Here, as usual, ∇ denotes the Levi-Civita connection on the ambient space and, if no confusion is possible, we will always identify M with its image in M .
Since M is Lagrangian, we have that the complex structure J interchanges the tangent and the normal spaces. Using the formulas of Gauss and Codazzi this implies that
The latter formula implies that the cubic form < h(X, Y ), JZ > is totally symmetric in all components.
We denote the curvature tensors of ∇ and ∇ ⊥ by R and R ⊥ , respectively. The first covariant derivative of h is defined by
where X, Y , Z and W are tangent vector fields.
The equations of Gauss, Codazzi and Ricci for a Lagrangian submanifold of M n (4c) are given by
where X, Y Z and W are tangent vector fields. Note that for a Lagrangian submanifold the equations of Gauss and Ricci are mutually equivalent.
We refer to [1] for the construction of the standard models of indefinite complex space forms CP 
if c < 0, where
and b s,q is the standard Hermitian form with index s on C q . For our convenience, we will assume that we have chosen an orthonormal basis such that the first s odd terms appear with a minus sign.
In [1] it is shown that locally any indefinite complex space form is holomorphically isometric to either C n s , CP n s (4c), or CH n s (4c). Remark that, by replacing the metric < ., . > by − < ., . >, we have that CH n s (4c) is holomorphically anti-isometric to CP n n−s (−4c). For that purpose, as in our case n = 2 and s = 1, we only need to consider C 2 1 and CP 2 1 (4). In order to study or explicitly obtain examples of Lagrangian submanifolds, it is usually more convenient to work with horizontal submanifolds. In that aspect, we first recall some basic facts from [8] which relate Lagrangian submanifolds of CP
Conversely, let M (1) such that F = Π • f . Any two such lifts f 1 and f 2 are related by
, where θ is a constant.
Remark that both immersions have the same induced metric and that the second fundamental forms of both immersions are also closely related. For more details, see [8] .
Minimality and Pseudo-Isotropy
In this section we will prove Theorem 1.1. Let us suppose that M 2 1 is a Lagrangian, Lorentzian surface of a complex space form M . We will assume that either M = C 2 1 or CP 2 1 (4). Let p ∈ M. We say that {e 1 , e 2 } is a null frame at a point p if it satisfies
In terms of a null frame, it is then clear that a Lagrangian immersion is minimal if and only if
h(e 1 , e 2 ) = 0.
In view of the symmetries of the second fundamental form, this implies that there exist numbers λ and µ such that
h(e 2 , e 2 ) = µJe 1 .
If we now write v = v 1 e 1 + v 2 e 2 , it follows that
which shows that a minimal surface is indeed pseudo-isotropic. In order to show the converse, we will use the following lemma of [2] :
Then the immersion is (pseudo)-isotropic if and only if for any tangent vectors x, y, z, w ∈ T p M, we have that
Note that in [2] the above lemma was formulated only for immersions into pseudoEuclidean spaces. However, it is clear that it remains valid for arbitrary immersions in pseudo-Riemannian spaces.
Let us assume now that M is a pseudo-isotropic surface. Then it follows from the previous lemma that (i) h(e 1 , e 1 ) is a lightlike vector, by taking x = y = z = w = e 1 , (ii) h(e 2 , e 2 ) is a lightlike vector, by taking x = y = z = w = e 2 , (iii) h(e 1 , e 2 ) is orthogonal to h(e 1 , e 1 ), by taking x = y = z = e 1 and w = e 2 , (iv) h(e 1 , e 2 ) is orthogonal to h(e 2 , e 2 ), by taking x = y = z = e 2 and w = e 1 .
We now write h(e 1 , e 2 ) = Let us now assume that M is not minimal. Then, by interchanging e 1 and e 2 if necessary, we may assume that v 2 = 0. As h(e 1 , e 1 ) is lightlike by (i), this implies that v 3 = 0. It then follows from (iii) that v 2 = 0 which is a contradiction. This completes the proof of Theorem 1.
Lightlike isotropic Lagrangian, Lorentzian surfaces
In this section we will assume that M 2 1 is a Lagrangian, Lorentzian lightlike pseudoisotropic surface of a complex space form M . We will assume that either M = C 2 1 or CP 2 1 (4). We will also assume that M is not pseudo-isotropic, i.e. in view of the previous section we will assume that the immersion is not minimal. We call a surface which is lightlike pseudo-isotropic without minimal points a proper lightlike pseudo-isotropic surface.
We again take a null frame at a point p, i.e. a frame {e 1 , e 2 } such that
Note that if both h(e 1 , e 1 ) = h(e 2 , e 2 ) = 0, then it follows from the fact that M is Lagrangian that also h(e 1 , e 2 ) = 0 and therefore that M is pseudo-isotropic. We say that M is proper lightlike pseudo-isotropic of Type 1 at the point p if there exists a lightlike vector v such that h(v, v) and Jv are independent. This means, after changing e 1 and e 2 if necessary, that we may assume that h(e 1 , e 1 ) = Je 2 , h(e 2 , e 2 ) = µJe 1 + λJe 2 .
Since M is Lagrangian, we deduce from this that h(e 1 , e 2 ) = λJe 1 .
Since M is proper, we have that λ = 0. Hence, since h(e 2 , e 2 ) is lightlike, we deduce that µ = 0 and so h(e 2 , e 2 ) = λJe 2 .
We say that M is proper lightlike pseudo-isotropic of Type 2 if, for every lightlike vector v, h(v, v) and Jv are dependent. This means, after changing e 1 and e 2 if necessary, that we may assume that h(e 1 , e 1 ) = Je 1 , h(e 2 , e 2 ) = λJe 2 .
As M is Lagrangian, we deduce from this that h(e 1 , e 2 ) = λJe 1 + Je 2 .
We see that M is indeed not minimal and the immersion is therefore proper lightlike pseudo-isotropic.
Note that a point which belongs to the closure of Type 2 points needs to be a minimal point automatically. Therefore, it follows from the fact that M is proper that M can be seen as the union of a Type 1 lightlike proper pseudo-isotropic surface and a Type 2 lightlike proper pseudo-isotropic surface. In both cases, it is immediately clear that the null frame can be extended to a neighborhood of the point p.
Proper Lightlike isotropic Lagrangian, Lorentzian surfaces of Type 1
We take a null frame in a neighborhood of the point p as constructed in the previous section. So we have a frame {E 1 , E 2 } such that
i, j ∈ {1, 2}, and
where λ is a nowhere vanishing function. We write
where α and β are functions.
Lemma 5.1. We have that β = 0 and λ satisfies the following system of differential equations:
Proof. We have that
On the other hand, we have that
From the Codazzi equation, we therefore obtain that β = 0 and E 1 (λ) = −αλ. Similarly from the Codazzi equation (∇h)(E 1 , E 2 , E 2 ) = (∇h)(E 2 , E 1 , E 2 ), we now deduce that E 2 (λ) = 0.
Lemma 5.2. We have that c = 0 and α satisfies E 2 (α) = 0.
Proof. We compute [E 1 , E 2 ](λ) in two different ways. We have that
Since λ = 0, we deduce that E 2 (α) = 0.
A direct computation then yields that
So from the Gauss equation we obtain that
Hence the ambient space must be flat.
The previous lemma immediately implies: 
where
Proof. We introduce vector fields λE 1 and 1 λ E 2 . We have that
Therefore, there exist coordinates u and v such that ∂u = λE 1 and ∂v = 1 λ E 2 . If we denote the immersion by f , it follows that
where λ is a function depending only on u. Integrating the first two equations it follows that
where A 1 is a vector valued function and A 2 is a constant. Of course, we may assume that A 2 vanishes by applying a translation of C (1, −1). Conversely, if we define a surface by
where α ′ (x)β(x) − α(x)β ′ (x) = 0, we see that just as for the Euclidean arc length of a planar curve, it is possible to construct a parameter u for the curve (α, β) such that
A straightforward computation then shows that the surface f (u, v) has the desired properties.
Proper Lightlike isotropic Lagrangian, Lorentzian surfaces of Type 2
We take a null frame in a neighborhood of the point p as constructed in the previous section. Then we have a frame {E 1 , E 2 } such that
where λ is a function on M. We write
Lemma 6.1. We have that α = 0 and λ satisfies the following system of differential equations:
From the Codazzi equation, we therefore obtain that α = 0 and E 1 (λ) = β. Similarly from the Codazzi equation (∇h)(E 1 , E 2 , E 2 ) = (∇h)(E 2 , E 1 , E 2 ), we now deduce that E 2 (λ) = λβ. Lemma 6.2. We have that β satisfies
Proof. A direct computation yields that
which reduces to E 1 (β) = −(c + λ). In order to obtain the E 2 derivative of β, we compute [E 1 , E 2 ](λ) in two different ways. We have that
which clearly concludes the proof.
It follows by a direct computation that Corollary 6.3. There exists a constant r such that
Lemma 6.4. There exist local coordinates u and v such that
Proof. We define vector fields
and compute
which proves the result.
It then follows immediately from the previous systems of differential equations that β and λ do not depend on the variable v and are determined by ∂λ ∂u = β,
Therefore, note that, after a translation of the u coordinate if necessary, we may suppose that λ = −c + r sin u, β = r cos u.
In the above equations, the constant r is allowed to be zero. In that case, we get the special solution β = 0 and λ = −c.
In view of the dimension, if necessary changing the sign of the metric on the ambient space, we only have to consider the cases c = 0 or c = 1. 6.1. Case c = 0: Lightlike isotropic Lagrangian, Lorentzian surfaces in C 2 1 . We denote the immersion by f . It follows from the previous equations that f is determined by the system of differential equations:
It follows from the first equation that there exist vector valued functions g 1 and g 2 such that
Substituting this into the second equation gives
, and the final equation now reduces to
Looking at the different powers of e iu , we deduce that
So the remaining equations are
The solution of the above system depends on the value of r.
6.1.1. Case r = 0. If r = 0 we have that g 2 (v) is a constant vector. Hence by applying a translation we may assume that this vector vanishes. Therefore, we have that
for some constant vectors A 1 and A 2 . We take an initial point p = (0, 0). Since λ(0, 0) = 0, it follows that
It then follows from the choice of E 1 and E 2 , together with the Lagrangian condition, that
can be identified with (1, 0), (i, 0), (0, 1), (0, i). This implies that
),
i).
6.1.2.
Case r = 0. In this case we have that
which implies that, after applying a suitable translation, we have that
So we find that f (u, v) = (A 1 e rv + A 2 e −rv )e iu + (A 1 e rv − A 2 e −rv ), for some constant vectors A 1 and A 2 . We take again as initial point p = (0, 0). Since λ(0, 0) = 0, it follows that Or equivalently
It then follows from the choice of E 1 and E 2 , together with the Lagrangian condition, that we may assume that E 1 = (
) and E 2 = (− ) and A 2 = ( (1) a 1 , a 2 , c 1 , c 2 , c 3 are as described in (6.1)-(6.5), or (2) a 1 , a 2 , c 1 , c 2 , c 3 are as described in (6.6)-(6.10), or (3) a 1 , a 2 , c 1 , c 2 , c 3 are as described in (6.11)-(6.15).
